INTRODUCTION TO BANACH
ALGEBRAS, OPERATORS, AND
HARMONIC ANALY SIS

H. GARTH DALES
University of Leeds, UK

PIETRO AIENA
Universita degli Sudi, Palermo, Italy

JORG ESCHMEIER
Universitat des Saarlandes, Saarbriicken

KJELD LAURSEN

University of Copenhagen, Denmark

GEORGE A. WILLIS
University of Newcastle, New South Wales, Australia

8 CAMBRIDGE
2P UNIVERSITY PRESS




PUBLISHED BY THE PRESS SYNDICATE OF THE UNIVERSITY OF CAMBRIDGE
The Pitt Building, Trumpington Street, Cambridge, United Kingdom

CAMBRIDGE UNIVERSITY PRESS
The Edinburgh Building, Cambridge CB2 2RU, UK
40 West 20th Street, New York, NY 10011-4211, USA
477 Williamstown Road, Port Melbourne, VIC 3207, Australia
Ruiz de Alarcon 13, 28014 Madrid, Spain
Dock House, The Waterfront, Cape Town 8001, South Africa

http://lwww.cambridge.org
© Cambridge University Press 2003

Thisbook isin copyright. Subject to statutory exception
and to the provisions of relevant collective licensing agreements,
no reproduction of any part may take place without
the written permission of Cambridge University Press.

First published 2003
Printed in the United Kingdom at the University Press, Cambridge
Typeface Times 10/13 pt. System IATEX 2¢  [1B]
A catalogue record for this book is available from the British Library

Library of Congress Cataloguing in Publication data

Introduction to Banach algebras, operators, and harmonic analysis/
H. Garth Dales...[eta.].
p. cm.—(London Mathematical Society student texts; 57)
Includes bibliographical references and index.
ISBN 0521 82893 7 — 1SBN 0 521 53584 0 (paperback)

1. Banach algebras. 2. Operator theory. 3. Harmonic analysis.
|. Dales, H. G. (Harold G.) 1944— |I. Series.
QA326.159 2003

512'.55—dc21 2003043947

ISBN 0521 82893 7 hardback
ISBN 0 521 53584 0 paperback



Part |

Part |

© 00— ~NOoO b~ WwWwNPEF

B
()

12
Part Il
13
14
15
16
17
18
19
20

Part IV
21
22

Contents

Preface
Banach algebras H. Garth Dales
Definitions and examples
Ideals and the spectrum
Gelfand theory
The functiona calculus
Automatic continuity of homomorphisms
Modules and derivatives
Cohomology
Harmonic analysis and amenability =~ George A. Willis
Locally compact groups
Group agebras and representations
Convolution operators
Amenable groups
Harmonic analysis and automatic continuity
Invariant subspaces  Jorg Eschmeier
Compact operators
Unitary dilations and the H*°-functional class
Hyperinvariant subspaces
Invariant subspaces for contractions
Invariant subspaces for subnormal operators
Invariant subspaces for subdecomposable operators
Reflexivity of operator algebras
Invariant subspaces for commuting contractions
Appendix to Part 11
Local spectral theory Kjeld Bagger Laursen
Basic notions from operator theory
Classes of decomposable operators

\Y

page vii

1

3
12
20
30
38
48
58
73
75
86
98
109
121
135
137
143
154
160
166
171
178
186
193
199
201
212



Vi

23
24
25

PartV
26

27
28

Contents

Duality theory

Preservation of spectraand index

Multipliers on commutative Banach algebras

Appendix to Part IV

Single-valued extension property and Fredholm
theory Pietro Aiena

Semi-regular operators

The single-valued extension property

SVEP for semi-Fredholm operators

Index of symbols

Subject index

226
230
241
254

265
267
285
298
319
321



1
Definitions and examples

1.1 Definitions

A Banach agebrais first of all an algebra. We start with an algebra A and
put atopology on A to make the algebraic operations continuous — in fact, the
topology is given by anorm.

Definition 1.1.1 Let E bealinear space. AnormonE isamap|-||: E - R
such that:

(i) x| =0 (x € E); lIx|l = 0ifand only if x = 0;
(i) laxll = lel Xl («€C, x € E);
@iii) Ix+yl <Ixl+ 1yl (x,yeE).

Then (E, || - ||) isanormed space. It isa Banach spaceif every Cauchy sequence
converges, i.e, if || - || is complete.

Definition 1.1.2 Let Abean algebra. An algebranormon Aisamap || - || :
A — R suchthat (A, | -||) isanormed space, and, further:

(iv) llabll < Jlalllibll (a,be A).
The normed algebra (A, || - ||) isa Banach algebraif | - || isa complete norm.

In Chapters 1—7, we shall usually suppose that a Banach algebra A is unital:
this means that A has an identity es and that ||eal| = 1. Let A be a Banach
algebrawith identity. Then, by moving to an equivalent norm, we may suppose
that A isunital. It is easy to check that, for each normed algebra A, the map
(a,b) — ab, A x A— A, iscontinuous.

H. G. Ddles, P. Aiena, J. Eschmeier, K. B. Laursen, and G. A. Willis, Introduction to Banach

Algebras, Operators, and Harmonic Analysis. Published by Cambridge University Press.
(© Cambridge University Press 2003.



4 Part| Banach algebras, H. Garth Dales

1.2 Examples
L et us give some elementary examples.

(i) Let Sbe any non-empty set. Then CS is the set of functions from Sinto
C. Define pointwise algebraic operations by

(af + BO)(s) = af(s) + BA(s),
(fa)(s) = f(s)a(s),
1(s) =1,

foreachs e S, each f, g € CS, andeach «, B € C. Then CS isacommutative,
unital algebra. We write £°°(S) for the subset of bounded functionson S, and
define the uniformnorm | - | on Shy

[fls=sup{|f(s)l:se S} (fel>(9).

Check that (£°°(9), | - |s) isaunital Banach algebra.

(if) Let X be a topological space (e.g., think of X = R). We write C(X)
for the algebra of all continuous functions on X, and CP(X) for the agebra
of bounded, continuous functions on X. Check that (C®(X), |- |«) is a unital
Banach algebra.

Now take 2 to be a compact space (e.g., 2 = I =0, 1]). Then we have
CP(Q) = C(R), and 50 (C(R), | - |) isaunital Banach algebra. Thisis avery
important example.

(iiiy LetD = {z e C: |z| < 1}, the open unit disc. The disc algebra is

AD) = {f e C(D): f isanalyticonD}.
Check that A(D) is a unital Banach algebra. (You just have to show that A(D)

isclosed in C(D): why isthis?)
Each f € A(D) has a Taylor expansion about the origin:

o > f(Q)zZ"
f=d a2 =) — 25
n=0 n=0 '

Here Z is the coordinate functional, so that Z : z+— z on C. Some functions
in A(D) have the further property that

oo
Zlanl < 00.
n=0
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(Arethere any functions f in A(D) without this property?) The subset of func-
tions with this extra property is called A*(D). Check that At(D) is a unital
Banach algebrafor thenorm || - ||;, where

nw=ZM|O=XMF>
n=0 n=0

(iv) Let X beacompact setin the space C". Then P(X) isthefamily of func-
tionsthat arethe uniform limitson X of therestrictionsto X of the polynomials
(in n-variables). Check that (P(X), |- |x) is a unital Banach algebra. In fact,
A(D) = P(D). Weshall alsobeinterestedin P(T),whereT = {z € C : |z] = 1}
istheunit circle.

(v) Let X beacompact setinthecomplex planeC (orinC"). Then A(X) isthe
closed subalgebraof (C(X), | - |x) consisting of thefunctionswhich areanalytic
ontheinterior of X, int X. Clearly A(X) = C(X) ifandonlyif int X = @. Also
R(X) isthe family of functions on X which are the uniform limitson X of the
restrictionsto X of the rational functions: these are functions of the form p/q,
where p and q are polynomialsand 0 ¢ q(X). Clearly we have

P(X) c R(X) c A(X) c C(X).

The question of the equality of various of these algebras encapsul ates much of
the classical theory of approximation.

(vi) Let n e N. Then C(™(T) consists of the functions f on I such that f has
n derivatives on I and f(™ e C(I). Check that C™(I) is a Banach algebra for
the pointwise operations and the norm

n

1
1flla = 1 T ¥ (F e COm).
k=0 "

(vii) Let E and F be linear spaces. Then L(E, F) is the collection of al
linear maps from E to F; it isitself alinear space for the standard operations.

Now let E and F beBanach spaces. Then 5(E, F)isthefamily of all bounded
(i.e., continuous) linear operatorsfrom E to F; it isasubspace of L(E, F) and
B(E, F) isitself a Banach space for the operator norm given by

ITI=sup{lITx|| : x € E, [IX]| < 1}.

Wewrite £L(E) and B(E) for L(E, E) and B(E, E), respectively. The product
of two operators Sand T in L(E) is given by composition:

(STYX) =(So T)X)=HTx) (xeE).
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Then trividly ||ST|| < IS IT]I (S, T € B(E)), and (B(E), || - ||) is a unital
Banach algebra; theidentity of B(E) istheidentity operator | g. Thisisour first
non-commutative example.

For example, let E bethefinite-dimensional space C" (say withthe Euclidean
norm || - ||,). Then £L(E) = B(E) isjust the algebra M, = M,(C) of dl n x n
matrices over C (with the usual identifications).

(viii) The algebra C[[ X]] of formal power seriesin one variable consists of
sequences

(Olnil"lzo,l,z,...),
where a,, € C, with coordinatewise linear operations and the product

(or)(Bs) = (vn) »

where yn = ) s Bs. It helps to think of elements of C[[X]] as formal
series of the form

[e ]
D anX",
n=0

with the product suggested by the symbolism. This algebra contains as a sub-
algebra the algebra C[ X] of polynomialsin one variable — these polynomials
correspond to the sequences («,) that are eventually zero.

A weight on Z* isafunction w : Zt — R* \ {0} such that »(0) = 1 and

o(Mm+n) < o(Maon) (M, neZ").

Check that w, = e and w, = e define wei ghts on Z*. For such aweight
w, define

tHw) = {(an) € CIIXI : lleell, = ) lewnl @ < 00} :

n=0

Check that ¢(w) is a subalgebra of C[[X]], and that (¢*(w), || - Il,,) is & com-
mutative, unital Banach algebra.
(viii) Let G beagroup, and let

El(G)z{f GCG:||f||1=Z|f(s)|<oo}.

seG
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Then (¢X(G), || - ||,) isaBanach space. We can think of an element of ¢£1(G) as

Z asds
seG
where Y |as| < 00; here §s(s) = 1and §s(t) = 0 (t # S).
We define a product on ¢ (G) that is not the pointwise product; it is denoted
by » and is sometimes called convolution multiplication. In this multiplication,

83*8t=85t (S,tGG),
where st isthe product in G. (Actually this formula defines the product.) Thus

(fxg)(t) =) {f()g(s):rs=t} (teG). (1.2.2)

Check that £ 1(G) isaunital Banach algebrafor this product and the norm || - ||.
Itiscommutativeif and only if G isan abelian group. Special case: take G = Z,
agroup with respect to addition.

(ix) (Strictly, this example needs the theory of the Lebesgue integral on R.)
The Banach space L 1(R) hasthe norm || - ||, given by

1= [ @i
For functions f, g € L }(R), define their convolution product f « g by

(fxg)t) = / f(t —s)g(s)ds (t € R).
Integration theory shows that f « g is defined almost everywhere (a.e)) and
that f » g givesan element of L }(R); further, || f = gll; < || |, 1lgll;, and so
we obtain a commutative Banach algebra (which does not have an identity).

This exampleis central to the theory of Fourier transforms.

(x) Let U be anon-empty, open set in C (or in C"). Then H(U) denotes the
set of analytic (or holomorphic) functionsonU. Clearly H(U) isan algebrafor
the pointwise operations. However the algebra H (U) is not a Banach algebra.
For each compact subset K of U, define

pe(f) =Tl (f e HU)).

Then each pg isan algebra seminorm on H(U). The space H(U) is a Fréchet
space with respect to the family of these seminorms; in thistopology, f, — f
if and only if (f,) convergesto f uniformly on compact subsets of U. The
algebrais aFréchet algebra because px (fg) < pk (f)pk (9) in each case.
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A related algebrais H*°(U), the algebra of bounded analytic functions on

U. Check that this algebraisaBanach algebrawith respect to the uniform norm
I+ lu-

1.3 Philosophy of why we study Banach algebras
There are several reasons why we study Banach algebras. They:

e cover many examples;

have an abstract approach that leads to clear, quick proofs and new insights;
blend algebraand analysis;

have beautiful results on intrinsic structure.

1.4 Basic properties
We begin our study of general Banach algebras by considering invertible ele-
ments in such algebras.

Definition 1.4.1 Let A bea unital algebra. An element a € Aisinvertible if
there exists an element b € A with ab = ba = es. The element b is unique; it
is called the inverse of a, and written a—1. The set of invertible elements of A
is denoted by InvA.

Checkthata,b € InvA = ab e InvAand (ab)~! = b~!at.
Now let (A, || - ||) beaunital Banach algebra. Check that, for eacha € A, we
have

lim la"| " = inf{|]a"|*" : n e N} < |al.
n—oo

Theorem 1.4.2 Let (A, || - ||) be a unital Banach algebra.

(i) Supposethata € Aandlim|a"|¥" < 1. Thenea — a € INVA.
(i) IVAD {be A: |lea—b| < 1}.
(iif) InvAisan open subset of A.

(iv) Themapar a%, InvA — InvA, iscontinuous.

Proof (i) Theseriesea + Y o, a" convergesto (e — a)~ L.

(ii) Thisisimmediate from (i).

(iii) Take a € InvA, and then take b € A with ||b]| < [la~||~. Note that
a—b=a(ea—a'b) and |atb] < 1 By (i), ea—a b e InvA. Hence
a—belnvA



1 Definitions and examples 9

(iv) Exercise: use the inequality that

b~ —a ™t < 2ja”?Ib - al

whenever a, b € InvAwith |b —a|| < 1/2|a™%|. O

N

1.5 Exercises

. Check the details of the examples.
. Prove Theorem 1.4.2(iv).
. ldentify Inv A for asmany as possible of the examples A givenin §1.2. (Easy

for A=C(Q), A= AD), A= H(U), A= B(E); harder for the algebra
A = AT(D); not possible in general for ¢(G).) Show that Inv C[[X]] =
{(an) * a0 # 0}

. For f e LY(T) (in particular for f € C(T)), the Fourier coefficients are

f(k) = %/j fe@)e ™y (ke Z).

T

Let ,(6) = X7 F(k)e™ and set

on(f) = (ot %),

Then Fger’s theorem says that: for each f € C(T), on(f) — f uniformly
onT.
Deduce that the following are equivalent for f € C(T) :
@ feP(T);
(b) f =F |TforsomeF € A(D);
(© f(-k)=0 (keN).
We can now identify A(D) with P(T) (why?), and regard A(D) asaclosed
subalgebra of C(T) —if we should wish to do this!

. Let

W(T) = {f e C(T): I fll;= Y IT(K)I < oo}.

k=—o0

Check that (W(T), || - ||,) is a commutative, unital Banach algebra (for the
pointwise operations). Check that the map

o0 o0
Z Unbn Z anZ", ¢YZ) - W(T),

n=—00 n=—0o0
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is an isometric isomorphism. (W stands for N. Wiener, who was the first to
study these algebras.)

. Let LY(I) bethe Banach space of (equival enceclassesof) integrablefunctions

on I, with the norm
1
Il = [ IfOId (L),
0
For f, g e LY(I), define f » g by
t
(f  g)(1) =/ f(t—9)gs)ds (tel).
0

Show that L(I) isaBanach algebrafor this product. It is called the \olterra
algebra, and is denoted by V.
Setu(t) =1 (t € I), sothat

t
(u * f)(t):/0 f(s)ds.

Calculateu*™ and ||u*"||;, where u*" denotesthe nth power of u inthealgebra
V.ThemapV : f — u « f on L(I) isthe Volterra operator, discussed in
later chapters.

1.6 Additional notes

. By an algebra A, we always mean a linear space over C together with

a multiplication such that a(bc) = (ab)c, a(b + ¢) = ab + ac, (a + b)c =
ac + bc, and «(ab) = (ea)b = a(ab) fora,b,c € Aando € C. Theage-
bra has an identity e if eaa = aea = a (a € A). Suppose that A does not
have an identity. Then A* = C ® Aisaunital algebrafor the product

(o, @)(B,b) = (ep, b+ pa+ab) («,eC,abeh);

if AisaBanach algebra, then so is A* for the norm ||(«, )|l = || + ||a]l.

. For f € CS, define f(s) = f(s), the complex conjugate of f(s). Then the

map f > T isaninvolution on CS and on C(R2). Check that | |2 = | f T g
in the latter case. The algebra C(2) with this involution is the canonical
example of acommutative, unital C*-algebra; see §3.5.

. Let Q bealocaly compact space (e.g., R). For a continuous function f on

Q, supp f,thesupport of f,istheclosureof theset {x € @ : f(x) # 0}. We
write Coo(£2) for the algebra of functions of compact support, and Co(2) for
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the algebra of functions f that vanish at infinity, i.e., {x € Q : | f(X)| > &}
iscompact for each ¢ > 0. Check that (Co(f2), | - |o) isaBanach algebra. Is
(Coo(2), | - 1) dso aBanach algebra? Isit densein (Co(2), | - |g)?

4. A closed, unital subalgebra A of an agebra (C(2), | -|o) such that, for
each x, y € Q with x # y thereexists f € Awith f(x) # f(y),iscaleda
uniform algebra.

5. In the text, we defined £(G) for a group G. Check that the construction
(with the product being defined in (1.2.1)) also works for a semigroup S
instead of G —save that £(S) is unital only if Shasan identity.

6. Thereisacommon generalizationof L(R) and ¢ 1(G). Eachlocally compact
group G has a left Haar measure m, and L%(G), consisting of measurable
functions f on G with

||f||1=/G|f(t)|dm(t) < 00,

becomes a Banach algebra for the product

(f *9)(t)=/G f(9)g(s™"t) dm(s).

Thisisthe group algebra of G. Notethat G need not be abelian. See Part 11

7. Thereisnonorm || - || on H(U) such that (H(U), || - ||) isaBanach algebra:
see Dales (2000, 5.2.33(ii)).

8. Most of theaboveisinRudin (1973, 10.1-10.7) and Rudin (1996, 18.1-18.4).
For uniform algebras, including the disc algebra A(D), see Gamelin (1969).
Thedisc agebraisutilized in Part 111, Theorem 14.12. All the examples are
given in substantial detail in Dales (2000). See, for example, Dales (2000,
§2.1). Uniform algebras and group algebras are discussed in §4.3 and §3.3
of Dales (2000), respectively. The group algebras L 1(G) are amain topic of
Part 11 of this book; for the related measure algebra M (G), see Proposition
9.1.2. For the theory of topological algebras, including Fréchet algebras, see
Dales (2000, §2.2).





